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ABSTRACT

The scalar wave equation is investigated for a scalar field propagating in a
spacetime background ds? = e**(—dt? + dr?) + R (e~ *¥d¢” + ¢*dz?) . The metric
is compactified in the radial direction. The spacetime slices of constant ¢ and z
are foliated into outgoing null hypersurfaces by the null coordinate transformation
u = t — r. The scalar field imitates the amplitude behavior of a light ray, or a
gravitational wave, traveling along a null hypersurface when the area function R
is a constant or is a function of u. These choices for R restrict the gravitational

wave factor ¢ to being an arbitrary function of u.
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1 Introduction

Gravitational waves, predicted by general relativity, add another layer of strange-
ness to our perception and understanding of nature. To know why gravitational
waves are strange, we must understand the general relativistic description of grav-
ity: gravity is the curvature of spacetime and vise versa. Based on this, gravi-
tational waves are curvature propagating through spacetime [1, 2]. Gravitational
waves are also ripples of spacetime, according to another description. In princi-
ple, it is possible to detect gravitational waves. As they pass through a material
object, they induce a strain, which is a change in the length of an object divided
by its length [3, Definition of strain]). However, detecting gravitational waves has
been elusive due to the fact that gravity couples weakly to matter. The effort to
directly detect gravitational waves was pioneered by Joseph Weber in the 1960’s
[4, 5, 6, 7]. Though he failed to detect gravitational waves, his work started the
experimental field of gravitational wave detection. Since then, it has become a
global effort. In the last twenty years, sensitive gravitational wave detectors known
as laser interferometers, have been designed, constructed, and made operational.
Major scientific collaborations operating these type of detectors are: LIGO in the
USA, GEO600 in Germany, VIRGO in France and Italy, and TAMA300 in Japan

8,9, 10, 11, 12]. Gravitational waves have only been detected indirectly. In 1993,
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the Noble prize in physics was awarded to Taylor and Hulse for the discovery of
the first binary neutron star system, PSR 1913 + 16. The orbital period of this
system decays through the emission of gravitational waves at a rate predicted by
general relativity.

Sources of detectable gravitational waves are at very large distances from earth
based detectors. Because of this and the weakness of the interaction between grav-
ity and matter, gravitational wave amplitudes are extremely small. To visualize
the size of these amplitudes, consider the following: even laser interferometer de-
tectors, with 4 km arms and at strain sensitivity levels of 10~!%, have not detected
any gravitational waves. If L is the length of an interferometer arm, the strain
in that arm is given by the change in L divided by L : %. Because gravitational
wave amplitude A is proportional to strain, a gravitational wave with amplitude of
10718 can induce a length change of the order of magnitude of 10~!® meters in a 4
km interferometer arm. This length change is approximately 10,000 times smaller
than the Bohr radius. Gravitational wave signals are buried in noise, but thanks
to a technique called matched filtering [13], it is possible to extract them. The
ideal is to integrate, in time, known waveforms over the data. Obtaining gravi-
tational wave forms, however, presents another challenge. Waveforms are found
by solving the equations of general relativity, which are the Einstein field equa-
tions, Go3 = 87T,z Solving these equations is an arduous task, except for the

weak field cases, where gravitational waves are perturbations of a flat background.
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Together, the Einstein field equations form a coupled system of ten nonlinear, hy-
perbolic, partial differential equations. In their standard form, G,z = 877T,g, they
are unsuitable for simulation on a computer. Because there is no preferred time
direction, a problem is created, since time is unified with space to form spacetime.
As a consequence, the four equations Gy = 87Ty, Gipn = 81Ty, G2 = 87T ,e,
and Gys = 87T},3, in which 2!, 22, and 2® are space coordinates, contain no sec-
ond time derivatives of the spacetime metric g,g. Instead of evolving the metric
forward in time, these equations constrain the metric on a time slice. Therefore,
to get a time evolution scheme, a time direction must be chosen. This is done
by slicing spacetime into either space-like hypersurfaces, time-like hypersurfaces,
light-like hypersurfaces, or some hybrid of the three. The Einstein field equations
are then projected onto an initial slice. Then, the spacetime slice is evolved for-
ward in time. These are some of the difficulties inherited by numerical relativity
[14], the field that specializes in simulating the Einstein field equations.

When studying gravitational waves, or wave phenomena that travel at the
speed of light, it is ideal to slice spacetime into light-like (null) hypersurfaces.
Phenomena that travel at the speed of light, travel solely within null hypersurfaces
all the way to infinity. Instead of truncating the waveform at some finite distance
from the source, we are able to obtain a complete description of the wave from
the source to infinity. Having complete confinement to a null hypersurface, we

can map infinity to within a finite distance from the source by compactifying the
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spacetime. In this work, we compactify the radial coordinate of a spacetime with
a two parameter space-like isometry group. Then, we slice the spacetime into null
hypersurfaces for a specific class of observers. The scalar wave equation is then
derived in this spacetime and parameters are chosen for the scalar field to imitate
the amplitude behavior of a light ray traveling along a null hypersurface.

Section 2 introduces general relativity and its mathematical background. Sec-
tion 3 covers basic mathematics and physics of gravitational waves in the weak field
case. Section 4 introduces numerical relativity by slicing spacetime into space-like
hypersurfaces and null hypersurfaces. In section 5, we slice a spacetime with a two
parameter space-like isometry group into null hypersurfaces for a specific class of
observers. Then, we derive and manipulate the scalar wave equation to have the

scalar field imitate light rays traveling along null hypersurfaces.
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2 Introduction to General Relativity

Each topic discussed in this section can be found in the following general relativity

and differential geometry texts [15, 16, 17].

2.1 Mathematics
2.1.1 Manifolds

As humans, we have an intuitive grasp of what a manifold is. Examples of mani-
folds are: the surface of a table, a globe, and a cylinder; an idealized straight line
from Euclidean geometry; and three-dimensional Euclidean space. The points on
manifolds are described by overlapping coordinate systems to prevent coordinate
singularities from raising up. Coordinate systems and manifolds are two distinct
entities. Consider three-dimensional Euclidean space as an illustration. It is in-
trinsically flat, but if it is described using spherical coordinates, it appears to be
curved. The apparent curvature, however, is due to the coordinates and not to
the underlying properties of the manifold.

Transitioning to a more mathematical perspective, a set M is an n-dimensional
real manifold [17, pg. 23], if there exists about each point P of M a neighborhood
U that has a continuous bijective map, ¢ : U— > V| into some open set V' of
Euclidean n-space (R") . From this requirement, we see that a point P of M is

associated with an n-tuple (y'(P), ..., y"(P)).Since the map ¢ is a bijection, the
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neighborhood U of point P acquires a coordinate system under ¢. A neighborhood
U with map ¢ is called a chart and is denoted by (U, ¢). An important property
of M is determined by the mappings between charts. Because each point of M is
in at least one neighborhood, we have points whose neighborhoods overlap. If the
neighborhood U of point P overlaps the neighborhood H of point S, where the map
1 maps H into an open set of R", (not necessarily the same open set that ¢ maps
U into) then the overlap region U N H is assigned two coordinate systems. The
two coordinate systems can be related by the following steps. Since v is required
to be a bijection, the inverse mapping ¢* : »(UNH)— > UNH maps an n-tuple
(y*(T), ...,y™(T)) to the point T in the intersection of U and H. Next, the map
¢: UNH- > ¢(UN H) maps the point T into the n-tuple (2*(7), ..., 2"(T)).
Composing the maps 1! and ¢ yields the mapping ¢ o ¢»™" : (U N H)— >

®(U N H). This implies that the n-tuples have the following relationship:

A(T) = 2 YD), ..y"(T)) (2.1)

(T) = 2"y, ... y"(T)).

The mapping ¢ovp™ " : (UNH)— > ¢(U N H) and the functional relationship

1

in equation (1) is called a coordinate transformation. If the functions z', ..., 2™ are

6
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differentiable up to order n, including the n'* order, then the charts (U, ¢) and
(H, ) are said to be C™ related. If the set of charts (U;, ¢;), i = 1, .., k that covers
the manifold are all C™ related, then the manifold is called a C™ manifold. As
long as n > 1 we have a differentiable manifold, which is what we will be working
with. In this situation, it is useful to consider vectors as directional derivative

operators. Directional derivatives and vectors are isomorphic. Hence,

d
=0, = — , 2.2
! a < dr ) along curve ( )

meaning that v is a tangent vector to some curve of parameter 7 [15, pg. 227, eq.
(9.1)]. If f is a curve in an n-dimensional manifold M, with parameter 7, then the

tangent vector v along this curve is

d, " Of dy* " dy* 0
- %Z a]; =D dyra]; 23)
= 7Y k=1 y
n dyk ) ) n i
= —— | f= (Zv er | f,
k
(k:l dr Oy k=1
where v* = %, and e, = %. Basis vectors represented as partial derivatives

are called a coordinate basis [15, section 9.3]. The vector v can be written as

_ Ny dyf o s -
V=D 3,7 > When it is understood that v is tangent to some curve f.

2.1.2 Tensors

Tensors [17, pg. 57| are a generalization of linear functions. A key concept to

understanding tensors is that they accept arguments, elements of vector spaces,
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and then map these arguments into a real number. This number could be a
complex number, but assume we are working with real valued tensors. A tensor
can take any number of arguments. If n is the number of arguments a tensor
can take, then the tensor is said to be of rank n. The general properties of a
second rank tensor L (which applies equally to an n'" ranked tensor), with w a

real number, are the following:

L(wzxy, 22) = wLl(xy,23), L(x1,wrs) = wl(zy,x9) (2.4)

L(x1 + y1,22) = L(z1,22) + L(y1,22), L(x1,22 + y2) = L(z1,22) + L(x1, y2).

Tensors abound in mathematics. All linear functions of the form f(x) = max are
tensors. Row vectors are tensors because they map column vectors to a real num-
ber. Definite integrals fab f(z)dz are tensors, since the real continuous function
f(z) is mapped to a real number. The dot product A- B = A1B; + ...+ A, B, =
|A||B| cosf, A, B € R" is a tensor too, since we can view the vector A as mapping

the vector B to the real number A - B.

Linear Forms Linear forms [17, pg. 49] are real valued linear functions defined
on a vector space V. Letting w be a form, we have w : V— > R, or w(v) = m with
v €V and m € R. The set of forms over V is denoted by V'. It is a vector space
and is called the space dual to V. To develop the basic properties of linear forms,

let V' be an n dimensional vector space. Hence, a vector v € V' is expandable in
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terms of n linearly independent basis vectors ey, ..., e, :
v=10le; + ... +v",. (2.5)
In terms of row and column vectors, we can write the vector v as
€1
v=1[o" oo ]| . (2.6)

En

Denoting the column vector of n linearly independent basis vectors by e, we have a
bijective map e : R"— > V, which takes the n-tuple (v!,..,v™) € R" into a vector
v € V. Because e is a bijective map its inverse, e ™! : V— > R", is also a bijective

map. This means the inverse map e~!

is the array of expansion coefficients of
v, meaning e~ *(v) = (v!,..,0™). Thus, each coefficient v" of the vector v can be

written as

T =etw) | .|, (2.7)
o
where the 6/ are Kronecker deltas. The relation v” = e~(v)” is the linear mapping

v" : V— > R. The coefficients v" are linear forms. In more explicit notation, letting

B" be a linear form, we have 5"(v) = v".Now let a form w act on the vector v :
wv) =w(vley + ... +v",). (2.8)
Because w is a linear map, we have

w(vley 4+ ... +v"e,) = viw(er) + ... +v"w(ey). (2.9)

9
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This means that

n

w(v) = Zvjw(ej) = ijvj = ijﬁj(v), (2.10)

j=1

where w(e;) is the real number w;. Hence, we have an expansion of an arbitrary
linear form w, where the 3?(v) are identified as the basis of w, and the wj are
the expansion coefficients. The linear forms /3’ (v) form a basis for the dual space
V' and are called the basis dual to e. To obtain a useful relationship between
the basis forms and the vector basis, consider the expansion of an arbitrary basis
vector e; :
n
e = kaek. (2.11)
k=1

k

Because vector coefficients are the linear forms 5" (e;) = v*, we have

;= Bej)er. (2.12)

To preserve the linear independence of the arbitrary basis vector, it is required
that

o =0,k #j
5k(ej):5§:{ 55?:12132 . (2.13)

In summary, using the differential geometry notation h(k) = h-k =k -h = k(h)

, the relations developed between vectors and linear forms are the following:

B5e;) = B"-ej=e;(8") =0 (2.14(a))

wie;) = weej=e;(w) =w, (2.14(b))

i) = B-v=v(@)=v. (2.14(c))
10
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Now, consider the space V", which is the dual of the dual space V'. Elements
in V" are linear functions that map forms to numbers. For some h' € V" we have
B :V'— >R, or h(a) =mfor a € V' and m € R. However, instead of defining
a new object that maps forms into numbers, we can simplify our situation by

identifying the number a(v), v € V with each form «. This means that
h () = a(v). (2.15)

We can view a(v) not only as a form mapping a vector to a number, but also as
a vector mapping a form to a number. This latter view becomes obvious if the
vector remains the same and the form is changed. Because of this dual view, h’

and a vector v can be identified as the same object. Thus, we can write

h (o) =v(a) = a(v). (2.16)

More Tensors By the definition given of tensors, we understand that a form «
and a vector v are both first rank tensors. A tensor of rank n, where k arguments

are vectors, | arguments are forms, and k + [ = n, is called a k* rank covariant

lth h

rank contravariant tensor. It can also be called an n'" rank mixed tensor.
Therefore, a form is a first rank covariant tensor and a wvector is a first rank
contravariant tensor. Higher rank tensors can be formed from a and v by the
tensor product operator ®. A second rank tensor that can be formed using o and
v is

a®v(u, f) = alu)v(F). (2.17)

11
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Likewise, we can form a fourth rank tensor
a®v®a®u(u,f,mw)=a(u)vf)a(m)v(w). (2.18)

A general example is the tensor product of Y (aq, ..., ay, v1, ..., v,) and

W (B, ey By tny oy Ug)

Y @ W, ooy iy By ooy Biy U1y oovy Upny Uty ooy U ) (2.19)

= Y(ab ooy Oy Uty eey Um)W(ﬁb ) /Blv ULy eeey uk)

The resulting tensor is a (m + k)™ rank covariant, (n + ) rank contravariant

tensor. Now consider a tensor of the form
L(a, v, u,v), (2.20)

where u,v € V and «,y € V'. This tensor maps a pair of vectors in V and a pair of
forms in V' to a real number m € R. This means that L : V xV x V' xV'— > R.

Now, insert the expansions of vectors u, v, and linear forms a and v into L :

L(a,y,u,v) = LY awB™, YomBl Y u'es, 3o vley). (2.21)
k=1 =1 i=1 j=1

Because of linearity, we obtain

n n n o n . n o
L(a,v,u,0) = LY ™, o mBls Y w'es, Yo vleg) = 30 awyu' v/ L(BY, B' e, ).
k=1 =1 i=1 j=1 k=1
(2.22)
To simplify notation, the summation symbol will be dropped when summing over

repeated indices when one index is down and the other index is up. Form « is

12
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written as

n

a= > apft = appt, (2.23)
k=1
the vector v is written as
v=>Y 1ve; =vle;, (2.24)
=1

and the tensor L is written as

n

L(OZ?’Y?U" ’U) = Z akaluinL(Bkvﬂlaehej) = akr)/luiij(Bkvﬂlaebej)' (225)
ki =1

Now, the numbers L(Bk, BLe;. e;) are the tensor components
L(ﬁkaﬁlaehej) = Lklij' (226)

Notice that the components k and ! are a mapping of the forms 8 and ', and
that components i and j are a mapping of the vectors e; and e;. This suggests
that the basis of L is

e[ (2.27)

Since this is the basis of L, then L can be written as

L=I"e®e2p3 3. (2.28)

13
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To see that this is the correct basis for L, evaluate L(c, 7y, u,v) :

L(a,v,u,v) = Lklijek Qe QB ® Bj(a,% u,v) (2.29)
L(a,v,u,v) = LMjer(a)e(v)5' (u)5 (v)
L(a,y,u,0) = LMjer(anf")en(7,6™)8" (uPey) B (v°ey)
L(a,v,u,0) = LM janer(B")y,,ea(B™)u? B (e,)v° B (e5)
L(a,v,u,v) = LklijahvmupvscSZ(S;né;ch
Lia,v,u,v) = L";apyuv?’ = apyun? LF;.
In general, a tensor T has components 7%, and basis ey, ® ... e, @ @

R B

T=Thk-* e ®. Qe @"®...0 8. (2.30)

Now, the tensor L can either be symmetric or antisymmetric. It is symmetric if

Lo, v,u,v) = L(v, a,u,v) (2.31)
and
L(a7 ,-)/7 u? ,U) = L(a7 ")/7 U’ u)' (2'32)
It is antisymmetric if
L(a,v,u,v) = —L(vy, a, u, v), (2.33)
and
L(a,v,u,v) = —L(a, 7, v,u). (2.34)
14
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The tensor L could be symmetric with respect to the form arguments and antisym-
metric with respect to the vector arguments. Likewise, L could be antisymmetric
with respect to the form arguments and symmetric with respect to the vector
arguments. These results apply equally to the general tensor 7', where T' could
be totally symmetric or antisymmetric or both symmetric and antisymmetric in

its arguments.

Metric Tensor An important tensor in general relativity is a symmetric second
rank covariant tensor g, also known as the metric tensor [17, pgs. 64-70]. The met-
ric tensor allows one to compute a scalar product for vectors in an n—dimensional
space. This scalar product is analogous to the ordinary dot product of three-
dimensional Euclidean space. If the metric tensor of an n-dimensional space is

known, the scalar product of two vectors, u and v, is
u-v=g(u,v). (2.35)
If u and v are expandable in terms of a basis set {e;,i = 1,...,n}, then
u-v=g(u,v) = g(u'e;, vjej) = g(e;, ej)uivj = gijuivj, (2.36)

where g;; are the coefficients of the metric tensor. Since the metric tensor is a

scalar product of vectors, the metric coefficients are the scalar product of basis

vectors:

ei-ej = glei, e5) = gij (2.37)

15
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In three-dimensional Euclidean space, using Cartesian coordinates, the matrix

of scalar products of basis vectors is

100
€€ = 3gij = 010 (238)
0 01
Transforming to spherical coordinates, we have
10 0
€€ = Gij = 0 7'2 0 . (239)
0 0 7r%sin?6

The line element of a space is found by inserting the infinitesimal displacement

vector dx = dz'e; into both slots of the metric tensor:
ds® = g(dz,dx) = g(da'e;, da'e;) = g(ei, e;)da’da’ = g;da‘da’. (2.40)

In three-dimensional Euclidean space, using Cartesian, and then spherical coor-

dinates, we have the familiar results
ds* = dz* + dy* + d2° (2.41)

and

ds® = dr? + r(d6® + sin® 0d¢p?). (2.42)

The metric tensor has an inverse g~1. If g is the scalar product of two vectors,

then ¢g~! is the scalar product of two linear forms. Letting o and w be linear
forms,
a-w=g Ya,w). (2.43)
16
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If the linear forms o and 3 are expandable in terms of a basis set {3°,i = 1, ...,n},

then
a-w=gYo,w) =g (b wf) =g (B, Faw; = g9 oqw;. (2.44)
The relationship between the coefficients g;; and ¢ is
959" = 55‘. (2.45)

It is useful to think of the metric and its inverse as maps. Suppose that only
one vector is inserted into the metric tensor ¢. Letting 5° and 3’ be basis forms,

yields
glu, ) = g8 @ F(u, ) = g8 © F(u'ey, ) (2.46)
= gyu* 88 () = giu' ().
If g;;u'# () acts on a vector v = v'e;, then
giju' B (v) = giju'v! = g(u,v). (2.47)

The metric tensor g maps the vector v into the linear form g(u, ). The components
of this linear form are

Because the metric tensor is invertible, it is easily found that

u' = gu;. (2.49)

17

www.manharaa.com




These equations imply that the metric tensor can be used to raise and lower indices

on tensors. Insert one linear form into the inverse metric tensor g~ !. It yields

g, ) = gie®ej(a, ) =gve; @ ej(apB, ) (2.50)

= g7adie () = g7aie( ).
Letting g aze;( ) act on the linear form w = w; A", leads to
g7 aie;(w) = gviw; = g (o, w). (2.51)

Therefore, the inverse metric tensor ¢g~! maps the linear form « into the vector
g 1(a, ). In general relativity, we will be working with four-dimensional manifolds
known as spacetimes. The metrics of these manifolds will have the signature
(—,+,+,+). Lowercase greek letters will denote the spacetime index 0, ..., 3. If
Jap are the coefficients of a spacetime metric g, then it may be written as the
4 x 4 matrix:

goo gor Go2 Jos

gio 911 Y12 913 (2.52)

g20 G21 G22 g23
g3 931 Yg32 933

A specific spacetime metric is the Minkowski metric [17, pg. T1] of special rela-

Jap =

tivity:
-1 0 0 0
0 100
Neap 0 010 (2.53)
0 001

A property of spacetime metrics, unlike other metrics, is that a vector can have

zero length without being the zero vector. To illustrate, let v be a vector in

18

www.manharaa.com




Minkowski space. Its length is

o] = V(0.0) = \fnasvo? = VOO § I T (02 (PR (2.54)

If (1¥)% = (v®)? = (v')? = 3(v°)?, then |v] = 0. All vectors of length zero are
said to be light-like (light-like vectors are also called null vectors). Besides being
light-like, vectors can be in either of two other categories. A vector v is said to
be space-like if v? > 0. It is said to be time-like if v* < 0. Thus, vectors in a
spacetime are partitioned into three distinct groups. These groups give the causal
structure of every spacetime. The term causal is used because all events joined
by light-like vectors are connected by signals propagating at the speed of light.
All events joined by time-like vectors are connected by signals propagating at the
speed of light, or less, and all events joined by space-like vectors are connected
by signals that travel faster than the speed of light. Since no physical signal can
travel faster than the speed of light, only events joined by light-like and time-like

vectors are causally connected.

2.1.3 Curvature

k

Covariant Derivatives Consider a vector v = v"e; in an n-dimensional space.

Differentiating v with respect to a parameter \, yields

dv  dvf pder,  OvF daxt L Oey, da’

w_ v o _ 9Y AT 2.55

DT I T o Y G (2.55)
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If the basis vectors do not shift or turn, such as Cartesian basis vectors, then

Oey,
ozt

= 0. However, if the basis vectors do shift or turn, such as spherical basis

vectors, then

8€k
ox’

= ijiej. (256)

The quantities I'V;;, known as connection coefficients, represent how much the

basis vector e, has shifted. Substituting this quantity into the total derivative of

v, yields
dv O dat b dat
— == Ve —. 2.57
ax o dx TRy (2:57)
Renaming two of the contracted sets of indices gives
dv oldgt — , , dat
ot dat
= (axz +v Fk1> d/\el.

Recalling that vectors are isomorphic to directional derivative operators, we let

U= (%)along curve

. This is the covariant derivative [17, pgs. 203-208] V,, of v :

o' da’
Vo = (8—2 + I‘lkivk> %el. (2.59)

The coordinates of V, v are

O -
Viv] = % —+ ’Ukrjik. (260)

The covariant derivative of a linear form w = w; 3", besides the location of indices,

is the same as the covariant derivative of a vector v, except for a minus sign in
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front of the connection coefficients. The coordinates of a covariant derivative of a

linear form are

(2.61)

Alternative notation used to denote partial and covariant derivatives is

nga = Ua;(g
stwa = Was
and
(0%
o L0
oud 0
Owa

The connection coefficients are determined by requiring

g =T

and

Vigi; =0,

where g;; is a spacetime metric. These conditions yield

1 1j (aglk I g agik) '

MV, == _ -
k 2g ort  Oxk  Oxl

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

If one wants to compare a vector p with a vector v located elsewhere, the vector

p must slide over to v in such a manner that neither the length nor magnitude
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of p changes. This is parallel transport [15, section 8.5]. In terms of derivatives,
parallel transport means for a curve f of parameter A that describes the path that
p followed,

_— = u = . 2.
=V =0 (2.67)

If the basis vectors do not shift during parallel transport (Cartesian basis vectors

. . . . . l 3

in Euclidean space), this expression reduces to the simple form V,p = gﬁ - %el =
do =0

axtt—

Geodesic equation In grade school, we are taught that the shortest distance
between two points is a straight line. However, this is not the complete answer.
The shortest distance between two points is a geodesic [15, pg. 211]. In flat space,
geodesics are straight lines. On the surface of a sphere, geodesics are the great
circles. An equation for geodesics can be found by eztremizing the integral (taking

the variational derivative and setting it equal to zero).

Q Q Q i g
s = / Vds? = / V gijdridrd = / gijdidid/\. (2.68)
P P P d\ d\

It is the distance between two fixed points P and Q, where the coordinates z° are

parameterized by A. The extremizing process yields the geodesic equation

A% dx* dx¥
re, —— =0. 2.69
% T d\ d\ (2.69)

The geodesic equation can be derived in an easier way, if the concept of parallel
transport is used. Consider a vector u = u’e; , which is tangent to a curve f of
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parameter \. Parallel transporting u along itself yields

oldst L drt
Vuu = <8xi N + M ﬁ) e, =0.

! @ 2 i ; .
But 9% 4 — 4w and 2 = o7, which means

ou! dat dx’ du’ ,
Vo= (G Ty ) = (G T ) o

= i d_xl B .d_ﬂ“d:v" = @4_{‘1 .d_wkdxi =0
“\ax L R dx )T\ TR )T

This implies that %@l + T ki% ‘fg = (. Therefore, geodesics can be thought of in

two ways. First, they are the paths that extremize the distance integral s and

second, they are the paths that parallel transport their tangent vectors.

Curvature Tensors Consider the double covariant differentiation of the vector
components v : V,V, 0% Reversing the order of differentiation and taking the

difference, yields
V.,V =V, V0% =(V,V, -V, V, ) (2.71)

If the space is flat, the above equation is zero. If the space is curved, a nonzero
result is obtained. This equation gives a coordinate-invariant measurement of

curvature known as the Riemann curvature tensor [15, pg. 224]:

RY%,0° = (V,V,—V,V, )" = (2.72)

R = (VuV, = V,V, )0 ;.
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Thus, the Riemann curvature tensor is a measure of the failure of covariant deriv-

atives to commute. The components of the Riemann curvature tensor are

oI'%, B o,
oz oxv

R, = Sa P R R (2.73)

The Riemann curvature tensor has the following symmetries:

Ra(sw, + Rauw; + Raw;# =0 (2.74)

Raém/ = _Réa;u/ = _Ra&/,u = Rl/,uaé.

The Riemann curvature tensor obeys the Bianchi identity [15, eq. (8.46), and
chp. 15]

Ra&uu;)\ + RazS)\u;u + Raél/)\;,u = 0. (275)

The Ricci curvature tensor [15, pg. 224] is obtained by contracting the first and

third indices of the Riemann curvature tensor:

R&v = Reéeu. (276)

The Ricci curvature tensor is symmetric and its trace is the Ricci curvature scalar:

R = ¢ Rs\ = R*,. (2.77)

2.2 Einstein Field Equations

Suppose an elevator containing two free particles of mass m is freely falling in

a gravitational field of Newtonian gravitational potential ¢. A simple analysis,
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using Newton’s second law, shows that the particles don’t experience a normal
force from the floor of the elevator and float freely. Allowing particles to fall freely,
transforms away the gravitational field. However, as hard as one could scheme,
the gravitational field cannot be completely transformed away. In the elevator
case above, the gravitational field is present as a tidal force. If the free particles
have a separation vector X = X'¢;, the components of the tidal force are given

by [18, eq. (21.5)]

EX 8
TR —6" (8:1:@91:’“) X" (2.78)

Now, suppose the particles are freely falling in a spacetime. Because the particles
are freely falling, they follow paths that are geodesics. An observer riding with one
of the particles sees the neighboring particle either staying at a constant distance,
moving towards, or away from the observer. If X = X%, is the separation
four-vector between the particles and u is tangent to one of the geodesics, the

quantitative measure of this movement is [18, eq. (21.19)]
ViV X* = =R u’ XU = —R%gu’u" X°. (2.79)

This is the geodesic deviation equation. Comparing this equation with the tidal

826

force equation we see that R, u’u plays a role similar to Tt

Hence, gravity
can be thought of as an attribute of spacetime curvature. Making an analogy with

Newtonian gravity and the Bianchi identity for the Riemann curvature tensor, one
25
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is led to the Einstein vacuum field equations,
R, =0, (2.80)

and the full Einstein field equations,

1
G = Ry — 59,,,,5’, = 811, (2.81)

where T, is the stress-energy tensor [15, pgs. 131-132].
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3 Linearized Gravity

The full Einstein field equations are a highly nonlinear system of ten second order
partial differential equations. They become more tractable if they are linearized.
The process of linearization [19, section 1.14] involves constructing the connection
coefficients, Riemann curvature tensor, Ricci curvature tensor, Ricci scalar, and

Einstein tensor from a metric

Iuv = Myuw + huv (3'1)

Ol
OxP

with the conditions 7, = diag(—1, 1, 1, 1), || << 1 and ‘ << 1. Due to

how small h,, and %% are, all of their products are discarded, meaning we work

to first order in h,,,. Therefore, the inverse metric of g, is
g =t — b, (3.2)

From the linearized equations, we obtain gravitational waves propagating through
spacetime. In the following section, we derive the gravitational wave equation for
linearized gravity, explore some of the properties of free gravitational waves, ex-
amine the quadrupole nature of gravitational radiation, and briefly discuss gravi-

tational wave detection.
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3.1 Linearized Field equations

In a coordinate basis, the connection coefficients, Riemann tensor and Ricci tensor

components, are given by

1, — ook (%ﬁ L 9900 _ 5957)
=

2\ 0z oxP Ox®
ores,  0I'%,

Raé,u.v = + Fapurpév - Fapvrpéu

ozt oxv
oI'%s, 0%,
aal/: - r anv_Pa va -
R oz oxv 1 pal"s pot o

Inserting the metric g,,, = 7, + hy,, into the connection coefficients [, yields

6 _ (b _ pad 1 ah@éﬁ ah‘l’)’ _ ahﬁ’)’
[ay = (" —h )2 0r7 " 0P a ) (3:3)

Hence, the linearized connection coefficients are

1 (0Oh oh oh
5 _ o asl o ay _ Oy
g =m 2 ( 97 T 02 Oan ) ' (34)

It is easy to see that the linearized Riemann and Ricci tensor coefficients are

N ors, %, 1 . ( Phs  Phe  hs
O = dxh 337“# — 9" <3x”x“ * dxdxh 83:690#) (8:5)
1 o (OPhys  0hy, Oy,
PX (890”3:” oo 8x>‘m”)
1 o ((Ph  OPhsy  0hsy  0hyy,
2" (ax‘sm/‘ T 83;%”)

and

1
5Ra50a/ - 5R61/ = _nwa

2 0xdx>  Ozxvze  Oxvzv  Oxdxv

2 2 2 2
(a hwl/ 0 héu 0 hJa 0 hwa) 7 (36)

— UOhsy, +

0xdxe Oozxvz?  Oxdzv

1 (a%a,, Phs®  8h )
2 Y
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wa 02

where U = n*?520— = —g—; + 88—:2 + 5—52 + %. The linearized Ricci curvature
scalar is
1 02h D?hs”  0%h
ov ov v
0Rs, = 0R=— — UOhg, — 3.7
ot 2" (8:65170‘ ot oAt 81’55(}”) (8.7)
1 62ha6 a2huw
= - | =——-0h —0Oh
2 (81:53:" * ok )
82ha5
= ——— —0h
Oxdx® ’

where h = Tr(has) = 1°has. Using these linearized curvature quantities, one

finds that the Einstein field equations, 2G5, = 2Rs, — 15, R = 1671}, are

9’h%, 0%hs® 0%h
— Ohg, _
0xd x> o oxvz?  Oxdzv

a2hae
— —— —0Oh | = 167T5,.
Nsv (83:%0 ) TL§

The number of terms present can be decreased by writing the above equations in

terms of the trace-reverse of hg, :

1

—775Vh. (39)

!/
— hg, —
ov 1 2

The perturbations hs,, in terms of its trace-reverse hf,, is hs, = hj, — %ngyh’ )

Substituting this into the Einstein equations yields

271/ 1 217,/ 1
(a i Oh ) - (Dhgy - 5775,,Dh') + (3.10)

oz 2015z
(02%“’ 1 9%n’ ) o*hn’

Ozvz? 2 0x0zv oxdxv

2 7, /o 1
—Nsw ((—6 h — §Dh’> + Dh') = 1677y, .

Oxcx™
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Grouping like terms yields the linearized field equations

82 h/au 82 hgw 82 h/ae

ordx> = OxwaV ov oxexr®

—0Ohj, + = 1677}, (3.11)

The [J operator is the flat-space d’Alembertian. The other terms keep the field
equations gauge invariant. By requiring the perturbations &, to satisfy the Lorenz
gauge condition, [15, pg. 438]
Oh'?
— =0 3.12
e~ (312)

92l L o2 h,:sw

27 /ae . . . .
S Faews and 775,/‘?9;’? vanish and the linearized field equations

the terms
reduce to

—0hy, = 1677y, (3.13)

The wave equation —[Jhf, = 1677}, represent gravitational waves propagating
through spacetime at the speed of light. Because the curvature tensors Riemann,
Ricci, and Einstein, are constructed from the perturbations hg,, gravitational
waves can be thought of as curvatures propagating through spacetime. The metric
G = My + Iy, the Lorenz gauge condition, and the above wave equation are the
fundamental equations of linearized gravity written in the Lorenz gauge. Before
moving on, it is important to see how perturbations 5/ ; are transformed into
others that satisfy the Lorenz gauge condition. Consider how g, = 1, + hu

transforms under an arbitrary infinitesimal coordinate transformation
" =gk 4¢P (3.14)
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Transforming the metric tensor into these new coordinates yields

P oxt Ox”
Gap = gl“’ax//a o8

o¢t ,  og
= (nuu + hﬁ“’) <5g - 8.’17”0‘> <5ﬁ - W)

v o, o¢" ogh og”
- (nuv + hW) (5555 — 04 ox'"B 5B Ol + oz !B
o, 05 9, o¢
Nap + hO‘B - OxB B Ox!'e + ozl B
o&” o&r ot og”

V9t B — up Or!le + hl“/ or'a OB’

(3.15)

—h h

Since " and its derivatives are infinitesimal in size and |h,5| << 1, all products

of hy, with derivatives of £ are dropped. The term ai%% is also dropped. To

first order in h,p and a‘z%, the metric tensor is

0, 9
g”aﬁ = Nug + haﬁ — B — S = Nup + Zéﬁ. (3.16)

Thus, under an infinitesimal coordinate transformation the perturbations h.gs

transform as

no_p 850; agﬁ
af = Map — ox'B  Opla’

(3.17)

Now, the linearized Einstein equations are written in terms of the trace-reverse of

hag, which is bl 5 = has— %% sh. Under an infinitesimal coordinate transformation,
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the trace-reverse of h,s transforms as

7! _ 1 € I/
haﬁ - (haﬁ 81‘”’3 ax//a) 5 UM (3'18)
_ ( 855) 1 ( _655_a£#>
- x//ﬁ Ox're 2 EH o' ox''e
(. 3 1 S
- af ax//B o' 2 61.//,u Ox''e
_{, D6\ L (00
af T axnﬁ o' 2 ax//—y
1 o€
- < 8%"5 ax//a) 2 aﬁh+naﬁa "y
B 85 855

aﬁ awuﬁ ozl naﬁa "y
_/
Raising the indices of A,z by the inverse Minkowski metrics n** and n’ gives

—I e 1
h=h"=n OB _77 Ol o'

Applying the Lorenz gauge condition to e yields

I\e

oh Oh'¢ 92 o2 927
_ 1963 Ao e -
ox'e  Oxle - Ox"BH!e -1 Ax'"a Oyl +n or"oxre 0. (3'20)
d%¢e 92¢¢

The terms n * sorasyre and n @ smagyme are identical, meaning that the above ex-
pression reduces to

—/\e I\e 26
U w0 (3.21)

ox'e — Oxle -1 OB

The operator 1<’ #gz,,é is the flat-space d’Alembertian, [J, meaning that the

above equation may be written as

a h/)\e

A
Dé‘ = ax/le'

(3.22)
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—/\e
Thus, the Lorenz gauge condition, 2% = 0, imposes the flat-space wave equation

) 8:1,’“5
as a constraint on the infinitesimal coordinate translations, £*. If the perturbations

h'*¢ do not satisfy the Lorenz gauge condition, then performing an infinitesimal

coordinate transformation of the form z”# = z* + &, where & satisfies the wave

8hl)\e

oxl'e

equation O = guarantees that the resulting perturbation 77 satisfies the

Lorenz gauge condition. If h/?¢ satisfies the Lorenz gauge condition, then the
transformation z"# = x# + " takes h/*¢ into other perturbations 77 that also
satisfy the Lorenz gauge condition, if & = 0.

3.2 Free Gravitational Waves and TT-Gauge

3.2.1 Free Gravitational Waves

Free gravitational waves at a sufficient large distance from their source are solu-

tions to the homogenous wave-equation
Ohg, = 0. (3.23)

The most simple solution to this equation is the gravitational plane wave [19, eq.

(1.14.21)]

5, = Ajeor (3.24)

33

www.manharaa.com




Inserting this into the homogenous wave equation yields

Ohg, = O (Agyeikﬁxﬁ) =n* 83:328306 (Agveikﬁmﬁ) (3.25)

= —Af "o e (kgdlks07)

v

= — AL (ko ke) = — A, e (kok®) = 0.

This implies that the scalar product k,k® equals zero, meaning that the wave

vector k” is light-like. The hj, also satisfy the Lorenz gauge condition a;g;iy =0:
On'v 0 .

= — (Aeiher) — i (A%VE,) = 0. 3.26

81.1/ 833‘” ( € ) ¢ ( ) ( )

This result means that the amplitude tensor Aj, is orthogonal to the wave vector
k¥. If we envision a gravitational plane wave passing through a region of flat
spacetime, the only place in this region that has nonzero curvature is where the
gravitational wave passes through. To first order in hg, in terms of the trace-

reversed perturbations Aj,, the Riemann curvature tensor of this location is

SR, = (3.27)

oxdxr  Oxwar  Oxwav  Oxdxv

E
2
1 0? 1 0? 1
— e h/ - hl - hl = hl
277 (6375.'13“ < wy 2770.)1/ ) O ( ov 27751/ )

0? 1 0? 1
+8:cw:c” (hgﬂ - §n5uh/> - Oxdrv (hzluu - 5%”}1/))

(P PR, O
2 oxdxr  OJxwxr  Oxwaxv  Oxdx?

1 2 0? 0? 0?
ey = — — R
+2 < Ny 81’6.7)”’ + Ny Orw h néll Oxw v + 77‘*’/1' 83361"/) )

1
= 57;“0‘((—14;1,1{:,5]{;“ + A5 Rk, — Aj Rk, + Afu#kgk,,)

" (a%w,, 0%hs,  Ohs, a%w#)

1 .
5 (_nwyk5ku + W&ukwku - ndukwklj + nwukiskl/) Al)elkﬁmﬂ
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Consider the degrees of freedom of hj§,. Symmetrically, since hj, is part of the
metric gs, = 15, + hsy = 15, + Ry, — 315, the degrees of freedom of hj, cannot
be more than ten. However, of these ten degrees of freedom, four are fixed by the
gauge invariance of gs, and four others are fixed by the Lorenz gauge condition
‘98}‘% = 0. Of ten possible degrees of freedom, only two remain. Eight of the ten
degrees of freedom are fixed by gauge invariance and the Lorenz gauge condition.
This implies that gravitational fields generated by astrophysical sources have only
two degrees of freedom. Because at sufficiently large distances, gravitational fields

of astrophysical sources can be described by metrics of the form gs, = n;, + hs, =

Nsv + hgy - %néuh/ where |h£$zz| << L

3.2.2 Traverse Traceless Gauge (TT-Gauge)

For free gravitational waves, it is convenient to use an infinitesimal coordinate
transformation z* = x# 4 £ with the restriction [J¢# = 0 to transform the
perturbations hj, into others that satisfy the flat-space sourceless wave equation,
the Lorenz gauge condition, and have the properties [15, secton 35.4]

hsg = 0 (3.28(a))
h , = 0. (3.28(b))

If this is done, we have chosen a particular gauge in which to work, namely

the traverse-traceless gauge (TT-gauge). Now, we will explicitly work out the
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transformation of hj, to the traverse-traceless perturbations E:;V. To transform

5, to the TT-gauge, we use the transformation ﬁ’aﬁ = h5 — gng - g% +n

o3
afB gz

and the imaginary plane-wave solutions of [J§, = 0. The imaginary plane-wave
solutions of [J§,, = 0 are

g, = —iCue™™". (3.29)
After transforming hj, to E:;V and letting the £, have the above form, putting E:;V
into the TT-gauge is equivalent to solving for the four constants C),. Starting with

oL -
condition one, hg, = 0, we have

7 ;08 0% %3

hoo = hoo — 55 — = =0. 3.30
a0 a0 90 O Moo oY ( )
The derivatives of £, are
8§a ik~
50 = koCae™™, (3.31)
850 ik~
e = FaCoe™", 3.32
8?[)0‘ 0€ ( )
and
8_5)\ _ )\ek C ik (3 33)
8113)‘ =7 e . .
Thus, condition one, E:;O = 0, yields four equations:
hoo — (koCo + k1Cy + kaCh + k3Cs) €77 = 0 (3.34(a))
ho — (koCy + k1 Co) €™ =0 (3.34(b))
hby — (koCa + kaCo) €™ =0 (3.34(c))
ho — (koCs + k3Co) €™ = 0. (3.34(d))
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Moving to condition two, Ew,, = 0, we have

v

,r,/,waé-u % 861/ + 85)\ _

hoy=n", —npv 2L — = 0. 3.35
oz ozrt  Ox? (3.35)

Inserting the above derivatives of &, into Ew,, = ( yields
h", —nt (kyCMeikV’w) - (kMC’,,eikVﬂ) + Pk Cre™ ™ (3.36)

=h", —n" (kVC’NeikV””)

== —h60 + hlll + h/22 + hé3 - (-koCo + lel + kQCQ + kgc’g) 6ik7z7 - 0

Using equations (3.34(a)-(d)) and equation (3.36), the constants Cy, C, Co, and

(5 can be determined. Subtracting equation (3.34(a)) from equation (3.36) yields
—2hfy + Iy + higy + hiyg + 2kgCoe™ ™" = 0. (3.37)

Algebraic manipulation gives

e—ikws"
Co = 2—k0 (h60 - h/11 - h/22 - hés) (3-38)
e_ikwﬂ / / / / ik~
= ok (Ao — Ajp — Agy — Azz) ™
1
= Q_k() (A60 - A/11 - A,22 - A§3) .

Next, solving for C from equation (3.34(a)) leads to

e—zkfyaﬂ . kl
e—ik,ya:'Y 1 _ik~yx? k 1 / / / /
= o Alpe™® — k_(l) (2_]% (Ao — Apyp — Agy — A33)>
1 kq
= —A — (A, — A, — AL — AL.).
e L (k0)2 (Ago 11 22 33)
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Likewise, equations (3.34(c)) and (3.34(d)) yield

1 k
Cy = k_OAlzo - Wzo)Q (A60 - A/n - A/22 - Ag3) ) (3-40)
and
1 / k3 / / / /
U3 = k_0A30 - W (Aoo - A11 - A22 - A33) . (3-41)

Equations (3.38-3.41) are the required constants. Thus, the coordinate transla-

tions ¢, needed to put E:;,, into the TT-gauge are

—1 / ! ! / ik~
§o = o (Agy — Aly — Ay — Aly) e (3.42)
. 1 / k / / / / ik~ xY
§&1 = —i (k_oAlo BEYTRT (kl )2 (Ao — Ajy — Ay — A33)> e
0
€ - iA/ . kQ (A/ — A — AL — Al ) eikrwz7
2 - ]{30 20 2 (k0)2 00 11 22 33
. 1 / k / / / / ik~
3 = —i <k_0A30 - 5 (]:)2 (Aoo — Ay — Agy — A33)> e,
0

The advantage of the TT-gauge is that gravitational waves take on a simple

form. Supposing that our spacetime coordinates are the tetrad (¢, z, y, 2), the

tensor describing a traverse-traceless gravitational wave, hlT traveling in the
z—direction is
0 O 0 O
0 a a 0 ik 2P
T _ + X ikgx 4
hy, 0 a —a, 0 |C (3.43)
0 0 0 O

The coefficients a and a, represent the two degrees of freedom of the wave and are
called the plus and cross polarization modes [15, section 35.6]. The names “plus”

and “cross” arise from how a gravitational wave in each of these polarization modes
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affects a ring of free particles. A gravitational wave can be a linear combination
of both polarization modes.

For a ring of freely falling particles in the # — y plane of the tetrad (¢, z, v,
z), a “plus” polarized gravitational wave passing through the ring of particles in
the z—direction would cause the ring of particles to stretch in the x—direction
and be squeezed in the y—direction. Then, it is stretched in the y—direction
and squeezed in the z—direction. If a “cross” polarized gravitational wave passes
through the ring of particles in the z—direction, then the ring of particles would
stretch in a diagonal direction of 45° to the y—axis and be squeezed in a second
diagonal direction of 90° to the first. Then, it would stretch in the second diagonal
direction and be squeezed in the diagonal direction of 45° to the y—axis. We can
easily calculate the tidal force experienced by two of these particles by calculating
the Riemann tensor components in the TT-gauge (kg is the angular frequency w

of the wave) [15, pg. 948]:

1
_ _ _ _ _ TT zk zﬁ ikgxl
Rj()k() - ROjOk — — L4008 — _R()jk() - _2h_7k 00 — 5 (ko) A 7 Ajk et

(3.44)

Since the gravitational wave is traveling in the z—direction, these components are

Ryoz0 = %w2a+ei(“’t+kzz), (3.45(a))

Ry = — % wiaye!rths), (3.45(b))

Ryopo = %w ay el @tk=2) (3.45(c))
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and

1 .
Ryoz0 = éwzaxel(“’ﬁk”). (3.45(c))

If the two particles are separated by the vector x“, then the tidal force they

experience from these gravitational waves is
V.V X = R u’ XU (3.46)
VoV X% = a% = —R%X"

Hence, the tidal force in the x and y directions are

1 )
a® = _nxARAOEOXe = — (Ra020 X" + RxOyOXy) - _5‘*12 (a X* + an XY) ez(Wt"'kzz),
(3.47)

and

a’ = =" Ry X = — (Ryoy0 X¥ + Ryoe0X”) = —%aﬂ (ax X" — a; XV) etk
(3.48)

Even though these particles experience a tidal force, they are not moved to new
coordinates. However, the distance between them is changed by the gravitational
waves. To illustrate that the gravitational waves do not move our two particles
to new coordinates, label these particles as 1 and 2 and suppose particle 1 is at
the origin (0,0,0) and particle 2 is at the point (z, y,0). Because the particles

are freely falling, both follow geodesics, meaning that the equations of motion for

these particles are

2 € M
d*zy  _, dridzy

drz —  “dr dr

(3.49)

40

www.manharaa.com




and

2.0 €
dwy _ _ps d23d5 (3.50)
dr? dr dr
Suppose that the initial four-velocities of the particles are % = % =(1,0,0,0).
The equations of motion for particles 1 and 2 are
d*zs
= I 3.51
dr? 00 (3:51)
d%g
—TPg. 3.52
dr? 00 (3:52)

Because we are working in linearized gravity, ¢ = 62%, 25 = 6z, and Mgy =

0T'*0. This means that the equations of motion are

d25$? o s 1 8h50 8h05 8h00

ar? ~OH o0 == 2 (8:1:0 o0 83:5) (3.53)
dzéxg 5 1 8h50 8h05 8h00

drz —0%0 = —1° 2 <8x0 + 910 Oz ) ' (3:54)

Since the gravitational waves satisfy Ohj, = O (hs, —

Ins,h) = 0, choose hj, to

be in the TT-gauge. This forces hg, to also be in the TT-gauge. This yields

d?6x8

dr?z 0,
and

d25a8 0

dr? '

(3.55)

(3.56)

Thus, there is no change in either particle’s coordinates. Now, let L = (0, L*, LY, 0)
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be the separation vector of the two particles. Calculate the distance between them:

d = \/g(L,L)=/g;L'Li (3.57)

— \/T]ULzLJ —|— h”LlLJ

LiLi
= Ly\J1+ hy—y

Performing a binomial expansion to first order, since the h;; are small, yields

/ LiLi R Y

Still supposing that hj, is still in the TT-gauge, and that the gravitational waves

are traveling in the z—direction, the perturbations h;; have the form

0 O 0 0
- _ 1 0 ar ax 0 iwt
hij(t,0) = 0 ay —a, 0 e, (3.59)
0 O 0 0
This yields
1
d = L (1 + 572 (g L*L® 4 2hyy LY LY + hnyyLy)> (3.60)

1 |
- L (1 + g3 (0s (D°L* = LY1Y) + 20, L 1Y) e“"t) .

Thus, the distance between the particles oscillates as the gravitational wave passes

through the x — y plane. In the equation for distance between the particles, the

part that gives the change in distance is

1. L'
5d — —hijT.

5 (3.61)
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Dividing both sides by L yields

od 1, L'L

= = Shy=r (3.62)

The the change in length per length, %d, is called a strain. This shows that
the perturbations h,s can be thought of as propagating spacetime curvature, or

as a strain propagating through spacetime.

3.2.3 Quadrupole Moment

By studying the sourceless gravitational wave equation Ohj, = 0, it is found that
gravitational waves have only two degrees of freedom. Since any gravitational
wave from a real astrophysical source will satisfy [Jh5, = 0 at a sufficiently large
distance, it can be inferred that a gravitational field only has two dynamical
degrees of freedom. Suppose we have the non-vacuum case, —h%" = 167T°".

The general solution to this equation is [18, pg. 496]

.

- Tt
RO (t,x) =4 / d%'%, (3.63)
r— X

—

.
where t’ is the retarded time ¢ = ¢, = t— ‘m — 2 |. To ensure that the per-
turbations A, (¢, E) are small disturbances of Minkowski space, we will suppose
that the gravitational wave source is weak. This means that the constituents of

the gravitating system move at speeds much less than the speed of light. It also

!

means that we are far enough away from the source and that r = )E -

—

~[F].
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If Bsource is the characteristic size of the source, these requirements mean that
r >> Bource- For the wavelength A of the gravitational waves, A\ >> Bource -
Requiring the source to move at speeds much less than the speed of light, im-
plies that the stress-energy tenors T°" is dominated by rest-mass energy density

€. Hence, the stress energy tensor that models our weak source can be written as
T = eu’u”, (3.64)

where u® is the four velocity of the source. With these requirements, the gravita-

tional wave amplitudes A" in terms of a source T%are [18, pgs. 498-499].

— 4 —
ROVt x) = - / BTt — 7, 7). (3.65)

r

In terms of the second mass moment
IV = /d%TOOmixj (3.66)

the spatial components A" of " can be written as [15, pg. 1001]

. 2 ..ij
R =270 — ). (3.67)

’
In electromagnetism, the lowest order multipole moment that radiates is the dipole
moment. For a gravitating system however, there is no radiation from the dipole
moment. To see this in our weak source, long wavelength approximation, consider

the perturbations

4 4 4
h/tu — /dg.'E/TtV _ /d?’:c’eutu” — /d3x’eu”. (368)

T T
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Because [ d*z’eu” dimensionally is mass times velocity, and u” is the four velocity

of the matter, we have the total energy-momentum four-vector

PY = / d*x'eu”. (3.69)
Thus,
4
h'" = ;P“. (3.70)
Now, consider
wi 4 3.0 i
R =— | d&°2eu’. (3.71)
r
. . . . i dx’t
In terms of the proper time 7, the spatial part of the four-velocity is u' = .
Recalling that the mass dipole moment is
p = / d*x'ex” (3.72)
and that in our approximation € is constant, we see that
4 . 4dpt
h’”:—/d‘o” b= —— 3.73
r v rdr (373)
Next, recall that the definition of a system’s center of mass is
; [ d*a'ex"
cM = —f Bre (3.74)
In terms of the center of mass the system’s dipole moment is
p' = Riy, / d*2'e. (3.75)
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Hence, the A" may be written as

. 4dR!
i~ CM 3 1
R = i — /d Z'e. (3.76)

However, we can transfer to an inertial frame where R%,,, is at the origin. Doing
this yields R.,; = 0, p* = 0 and A" = 0. The Lorentz transformations required

are in the direction of the center of mass and have velocity

V= [ NaguuP. (3.77)

Therefore, the mass dipole can be transformed away, meaning that there can be no
mass dipole radiation. The lowest order mass multipole moment that radiates is
the quadrupole moment. Hence, the power output due to gravitational radiation

of a gravitating system is [18, pg. 507]

1 /o4
Lmass quadrupole — 5 <Iz]I > ) (378)
where
v 1

3.3 Detecting Gravitational Waves

Detecting a gravitational wave amounts to calculating the strain induced by the
wave [20, 21]. In recent times (2002-2010) the main type of instruments used
to detect these strains are laser interferometers. In their basic form, they are
Micholson-Morely interferometers, with the light source being a laser. How these
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instruments detect gravitational waves is simple. Two test masses with completely
reflecting mirrors attached, are at the end of each interferometer arm. At the
junction where the arms intersect is a beam splitter. The light from the laser
is split and half of the beam travels through each arm. After the split beam is
reflected at each mirror, the beam recombines at the beam splitter and goes to
the photodetector. It’s at the photodetector that the beam’s interference pattern
as a function of time is recorded.

If no gravitational waves pass through the interferometer, the photodetector
records no light. However, if a gravitational wave passes through the interferome-
ter, the laser beam in each arm of the interferometer will travel different distances.
This causes the photodetector to record a time varying interference pattern. Con-
tained within this interference pattern are the gravitational waveforms. This is
the basic description of laser interferometers. To turn this basic design into a real
laser interferometer, several features would need to be added. The first feature
is to add a second test mass with a partially reflecting mirror in each arm. This
turns each arm into a Fabry-Perot cavity. Another major feature would be the
addition of a mirror between the laser and the beam splitter. This recycles any
light that makes it past the beam splitter after it exits an arm. Other features that
would need to be added to the interferometer are vibration isolators and seismic
attenuators for the test masses, and input optics to stabilize the frequency and

amplitude of the laser beam. Even with these additions, because of the extremely
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small size of gravitational wave amplitudes, gravitational waveforms continue to
be buried within the noise of the detector. To extract the signal, a technique
called, matched filtering is employed. Matched filtering is where a template of
a signal is integrated in time over the data set. If the signal is in the data set,
though it is buried in noise, integrating a template of the signal over it extracts the
signal from the noise. The generation of signal templates to extract gravitational

waveforms is the arena of numerical relativity.
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4 Numerical Relativity

In General Relativity, space and time are not independent but are sewn together
into a four dimensional manifold called spacetime. There is no distinction be-
tween time and space when the Einstein field equations are in their fully covariant
form. While this is a powerful concept, it is not very useful when one wishes
to simulate these equations on a computer. In computer simulations, time is a
special direction. To simulate a system, it is prescribed appropriate initial data
and then evolved "forward" in time. Therefore, to transform the Einstein field
equations into something that can be simulated, spacetime must be split into time
and space parts [15, pgs. 505-516]. This can be accomplished by slicing space-
time using a foliation scheme. Foliation schemes that can be used slice spacetime
into space-like hypersurfaces [22], null (light-like) hypersurfaces [23, 24|, or some
hybrid of the two. For example, the method of Cauchy characteristic matching
[24, 25, 26], or asymptotically null hypersurfaces [27]. The most common choice of
spacetime foliation is to use space-like hypersurfaces. This approach is generally
know as 3 + 1 relativity. In this work however, we will foliate spacetime using

null hypersurfaces.
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4.1 3 4+ 1 Relativity

The Einstein field equations in their fully covariant form do not form an evolution
system. This is because the equations do not contain second derivatives with
respect to the evolution variable ¢ of the spacetime metric g,3. Using the Bianchi
identity, we can show this explicitly [15, pgs. 505-516]. Since the Einstein tensor

G*8 = 87T obeys the Bianchi identity
G5 =0, (4.1)
we can obtain the identity
GOy = — (GO 4+ GO o + GO ). (4.2)

Now, G*¥ = R*? — 1¢°° R and R.3 = R 4,3, where R’ .3 has the form OI' — 9l +
I'T — I'T and the connection coefficients I' have the form g~'dg. We see that G
contains up to second derivatives in time and space. The right side of equation
(4.2) contains third derivatives, but these are not with respect to t. Since equation
(4.2) is an identity, this implies that G can only depend on gag, gas.ps Jast Jos.pes
Goppts Japp- Therefore, the equations G* = 87T contain no second derivatives
with respect to t of g,3. They only contain up to first derivatives with respect
to t of g.p, meaning that the equations G* = 87T constrain the initial data.
The program of 3 + 1 relativity is to transform the Einstein field equations into

an evolution system by splitting spacetime into three space dimensions and one
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time dimension. The splitting transforms the smooth four-dimensional manifold
of spacetime into an infinite decker sandwich of infinitesimally thin slices. Each
slice represents an instant in time. They are the level surfaces of ¢. The Einstein
field equations are evolved "forward" in time by projecting the equations onto the
level surface t = 0 and then evolving this surface to the other successive surfaces
t = 0ty, t = Oty t = dt3, ..., t = dt,. Projecting the Einstein field equations onto
the level surface ¢ = 0 is not a trivial task. In section 1.1.1, the basic tools to
project the field equations are introduced and in section 1.1.2, the same tools are
used to project the equations. In section 1.1.3, we discuss a limitation of 3 + 1

relativity.

4.1.1 Space-like Hypersurface Foliation

The level surfaces of ¢ are three dimensional space-like hypersurfaces. For conve-
nience, these hypersurfaces are denoted by ), . Points on ), are designated by
the space coordinates !, z?, and 2. Thus, the coordinates of spacetime are (t,

2, 22, 23). The general form of the spacetime metric in 3 + 1 relativity is [28, pg.

30]
ds® = —=N?di* + ,,(do’ + B'dr)(da? + Fdt), (43)

where N is the lapse function and measures the proper time of an observer trav-

eling normal to the hypersurfaces } ,; (" is the shift vector and accounts for the

shifting of the space coordinates (z', 2%, #*); and ;; is the metric that is intrinsic
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to each space-like hypersurface. There are three important quantities that will
enable us to write the Einstein field equations as an evolution system. These are:
the vector normal to ) ,, a tensor that projects component objects onto »_,, and
the extrinsic curvature tensor K,g of > ,. Since ), are level surfaces of ¢, the
gradient of ¢ will be normal to the surface. Choosing n* to be a future pointing

time-like unit normal of the normal traveling observer, we have [28, pg. 30]
nt = —NV¥t. (4.4)

To see that equation (4.4) is a future pointing, time-like, unit normal vector,

contract n* with itself:

nfn, = N*VHtV,t) = N?(g"°VstV,t) = N?g"?(dt)s(dt), (4.5)

= N?g%(dt)o(dt)g = N*(-N"?) = —1.
Now, choosing v to be the projection tensor we have [14, pg. 29]
=00+ n'n,. (4.6)

It is seen that equation (4.6) has the desired projection properties by operating

) on n* and t*

It = an’ +ntnn’ =n —nt =0 (4.7(a))
VMY = MY 4 it =t (4.7(b))
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Now, the extrinsic curvature tensor K,s, an object that qualifies how the hyper-

surfaces ) |, are embedded in spacetime, can be written as [14, pg. 24]
K(u,v) = —u- Vyn, (4.8)

where the vectors v and v are tangent to ), and n is the normal vector given in

equation (4.4). The components K,z of the extrinsic curvature tensor are

Kaﬁ = g(ea7 vegn’ye’v/) - g(eon (veg (n’y)e"/ + nvve,@e"/) (49)
= glea, (ea(n)ey +n7esI°5)) = glea, (eg(n")ey + n’e,I7s5))

= (es(n?) +n°T755)g(ea, e)v = (es(n?) +n°T755) .

In terms of the intrinsic three dimensional metric v,; on ) ,, the extrinsic curvature
tensor is [28, pg. 30]
1

Ki; = —§£n%‘ja (4.10)

where £,, is the Lie derivative with respect to the normal vector.

Constraint and Evolution Equations In order to write the Einstein field
equations as an evolution system, the field equations must be projected onto the
hypersurfaces ) -, . This is accomplished via the Gauss, Codazzi, and Ricci equa-
tions. These equations decompose the spacetime Riemann tensor into objects on
the hypersurfaces ) ,, namely the connection D associated with +,;, the extrin-

sic curvature tensor K,g, and the Riemann tensor on the hypersurfaces ), . Let
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(R®)*3,5 denote the Riemann tensor on the hypersurfaces Y ,. The Gauss, Co-
dazzi, and Ricci equations are obtained by contracting the projection tensor 77,
the normal vector n*, and the metric 7,5 a sufficient number of times with the
spacetime Riemann tensor. To obtain the Gauss equation, the projection tensor

must be contracted with all four of the indices of R®3,s [14, pg. 35]:
VYN R s = (B ey + KA Koy — KX Koo (4.11)

To obtain the Codazzi equation, the projection tensor must be contracted on the
first, third, and fourth indices of R®g.5, while the normal vector is contracted on

the second indice [14, pg. 36]:
Va1V R 505 = DyK* e — DK™, (4.12)

The Ricci equation is obtained by lowering the first index of R%g,s5 using 7,,,
contracting the projection tensor with the third indice, and then contracting the

normal vector with the second and fourth indices [14, pg. 48]:

1
VaaPYIN R g5 = £, K\ + T DOADN + KoK (4.13)

Using equations (4.11), (4.12), and (4.13) the Einstein field equations (for the

vacuum case) can be decomposed into the system of equations [14, pgs. 53 - 54]

1
£,K; = (R + KK — 2K K*;) — NDZ»DJ-N (4.14)

(R + K? — KKV =0 (4.15)
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D;j(K" —4"K) =0. (4.16)

Now, equations (4.14-4.16) and (4.9) are the Einstein field equations in the form
of an evolution system. The initial data of this system are the extrinsic curvature

tensor K;; and the metric ,; intrinsic to the hypersurfaces ), .

4.1.2 Artificial Outer Boundary

Since a computer is a finite machine, the computational grid contains a finite
number of points. It is impossible to follow a wave out to infinity because it would
require an infinite number of spatial grid points. The utilization of space-like
hypersurfaces to study gravitational waves imposes an artificial outer boundary,
since the gravitational waves can only be evolved to some finite distance r from
the system. Key problems of having this artificial boundary are the reflection of
waves at the boundary and the extraction of gravitational wave forms at a finite

distance from the system.

4.2 Null Hypersurfaces

In 3 + 1 relativity, each hypersurface representing time ¢ is accomplished by
projecting the Einstein equations onto the space-like hypersurface ¢ = 0 and
then evolving this hypersurface to other space-like hypersurfaces ¢t = dtq, t = 0t
t = d0ts, ..., t = 6t,. In contrast, the foliation of spacetime by null hypersurfaces

is accomplished by transforming the spacetime metric into null coordinates. A
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potential problem of using null hypersurfaces is the formation of caustics. One
strategy that avoids the formation of caustics is confining the system to a central
world tube, while the surrounding spacetime becomes asymptotically flat as infin-
ity (I "scri") is approached. In the world tube, spacetime is foliated by space-like
hypersurfaces. Spacetime external to the world tube is foliated by null hyper-
surfaces. The foliations of the world tube and spacetime external to the world
tube are matched at the world tube boundary. This foliation method is know as
Cauchy characteristic matching. When studying gravitational radiation, foliat-
ing spacetime using null hypersurfaces offers a distinct advantage over foliating
spacetime via space-like hypersurfaces. Null hypersurface foliation introduces no
artificial outer boundary, since each null hypersurface extends to future null infin-
ity (I "scri +") and gravitational radiation emitted at time ¢ travels along the
corresponding null hypersurface to future null infinity. In the computer, it seems
that an artificial cut off still has to be introduced, since marching to I* along
a null hypersurface requires an infinite number of spatial grid points. However,
this is not necessary, since I can be brought to a finite distance away from the
system emitting gravitational waves using a technique called compactification [29].
If the given spacetime is asymptotically flat, interesting quantities pertaining to
the mass of the system and how much energy is carried away by gravitational
radiation can be formed. These quantities are know as the Bondi mass and Bondi

mass loss (news function) [23, 30, 31].
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4.2.1 Null Coordinates

Null coordinates are used to label light rays. A physical picture is that of a
candle at the origin of a spherical coordinate system. Let u represent all light
rays emanating from the candle at time ¢; let  point along each light ray radiated
at time ¢; and the polar angle ¢ and the the azimuthal angle ¢ label positions for

each light ray. A metric in null coordinates in this spherical spacetime could be

ds® = —Adu® + Bdudr + Cdudf + Ddf* + Ed¢?, (4.17)

where the cross terms ensure that r and 6 point along light rays. An example of
null coordinates, only involving u, is Minkowski space with one spatial dimension.

Letting ¢ label the time axis and z the space axis, the spacetime metric is

ds® = —dt* + dz”. (4.18)

Since light rays traveling to the right move along the lines t — x = const., then
u = t—ux labels all light rays traveling to the right radiated at time ¢. Transforming

the above metric into this null coordinate yields

ds® = —(du® + 2dudz). (4.19)

Introducing a second null coordinate, v = ¢t + x, for light rays moving to the left,

reduces the metric in equation (17) to the simple form

ds* = —dvdu. (4.20)
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A more complicated example of a spacetime in null coordinates is the Bondi-Sachs

metric [23]

v
ds? = (?62/3 — U%r%e™)du? + 2e*P dudr + 2Ur*e* dudf (4.21)

—r2(e2d6? + e sin? Od¢?).

Motivation for using null coordinates is that problems involving radiation (electro-
magnetic or gravitational) are simplified. Consider the one dimensional vibrating
string in flat space. In typical ¢ — x coordinates, the equation for the vibrating

string is
2  9*®
T T =D, )= 4.22
atQ + 81'2 9 ( o ),5 07 ( )
where ® has the form ® = f(t — z) + ¢g(t + x). In terms of the null coordinate

u =t — x, the wave equation for ® becomes

0*® B 182<I>
oudxr 2 0x?

= 0. (4.23)

The general solution to this equation is ® = f(u) + g(u + 2x). The solution
f(u) represents an outward traveling wave, while g(u + 2x) represents an inward
traveling wave. If we only consider outgoing waves, which is what we would
think of, if we were dealing with light rays or gravitational waves emanating
from a source, the coordinate u labels each segment of an outgoing wave. A
null coordinate for incoming waves can also be introduced. If v = ¢t 4+ z, then

g(u+ 2x) = g(t + x) = g(v). The null coordinate v labels each segment of an
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incoming wave. Using null coordinates v and v, the one-dimensional wave equation

takes the simple form

020
oo =0 (4.24)

The general solution is ® = f(u) 4+ g(v).Thus, in the right coordinates, the one
dimensional wave equation reduces to a partial differential equation with one
term. Wave equations are not the only thing simplified when null coordinates are
used. The Bondi-Sachs metric represents a vacuum spacetime with axisymmetry.
The metric is in terms of outgoing null coordinates. When the Einstein tensor is
calculated, evolution and hypersurface equations, in terms of the functions U (u,
r, 0), V(u, r,0), B(u, r, 0) and vy(u, r, 9), are formed. From [23] these equations,

in terms of Ricci tensor components, are

0= R =48, — 5r(3,))r (4.25(a)

0 = —2r°R;p = [7’462(77ﬁ)U,r]r —2r° (B0 — Voo + 27,70 (4.25(b))

2B gr~" — 27, cot ]

1
0 = Rpe®™ —?R3e™ =2V, + o000 (U, ) (4.25(c))
—12U g — 4rU g — 12U, cot 0 — 47U cot 4 2¢26-7)[—1

—(3v9 — Bg)cot§ — g9 + B g9 + (5,9)2 +274(v0— By)l
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0 = —R3¥r? =2r(ry)ur + (L =1y, )V — (ry,, +7,)V  (4.25(d))
—r(l— r’y’,.)V,g — r2(c0t 0 — 7’9)U,r
(21 .4 + 27 + 17, cot 0 — 3cot O)U

2 [-1 — (37,9 —2B4) cot O — 99 +274(7v9 — Bp)]

Upon inspection, it is seen that this system of equations forms a hiearchy. Pre-
scribing initial data (3, equation R;; can be solved for ~. Inserting 5 and v into
—2r2Ry5 allows for the solution of U. Finally, the insertion of 3, v, and U into
Rope®P=7) — r2R3e28 allows one to solve for V. The equation —R3e*’r? can be
solved for v, allowing one to find 3, U, and V' on a new hypersurface. Unlike
the evolution system formed using space-like hypersurfaces, where the initial data
must satisfy elliptic constraint equations, the initial data of this system is free
and the evolution from one hypersurface to a new hypersurface is performed by
solving a hiearchal sequence of equations. Another example of a spacetime in null

coordinates is a spherically symmetric spacetime with stress-energy tensor
1
T, =V,oV,® — §gWVa<I>V°‘@ (4.26)
for a zero rest mass scalar field ® and metric [30]
2 _ 23V o 20902 | w2 42
ds® = e (—du® + 2dudr) — r*(df + sin® 0d¢~), (4.27)
r

where 3 and V' are functions of u and r. Calculating the Einstein tensor

1
Gy = 87T, [V, 2V, — g, Vo @V 2] (4.28)
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yields equations in terms § and V. After several manipulations, the field equations

are found to be equivalent to

B, = 2mr(®,)? (4.29)

V, = ¥ (4.30)

Again, a hiearchy of equations is formed; however, in this case the initial data ®

is not free, it must satisfy the scalar wave equation

00 = 20, — Ve (4.31)
T

An example of a non-spherically symmetric spacetime in null coordinates is a

spacetime with a two-parameter space-like isometry group [32]:
ds® = —e*(du® + 2dudr) + R(e *"dy® + e*Vd2?). (4.32)

This metric is in null form because the two-parameter space-like isometry group is
exploited by causing an observer to travel in a fixed ¢ and z direction. Calculating
the Einstein tensor yields equations in terms of R, 1, and a. Several manipulations

later, two evolution equations and one hypersurface equation yield:

0 = 2% ") (R.. + Ryy) = Ry — SR (4.33)
1
0 = 26_2(a+¢) (RZZ - R¢¢) - ’(Z),m‘ - iw,rr (434)

(R, — R.,) R,
AR L et o 4.35

7 tYap (4.35)
0 = 2R’R,, =R’ — 4R/’ + R(4a,R, — 2R,,)
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A general inference from these examples is that spacetimes in null coordinates
form hiearchies of equations for the unknown functions in the metric. In the
axisymmetric case, the initial data is free. In the spherically symmetric case with
stress-energy tensor for a massless scalar field and for the cylindrically symmetric

case, the initial data must satisfy a wave equation.

4.2.2 Compactification

The ideal behind compactification is that there exists a smooth scalar function €2
and the physical metric g5 is mapped to an unphysical metric g/, 5, where in the

unphysical spacetime I is at finite points. The mapping € : gog — g, is given by
Pgos = Gy (4.36)

An example of spacetime compactification is best given by considering Minkowski

spacetime. The metric for Minkowski spacetime is
ds? = —dt? + dz* + dy* + d2*. (4.37)

The goal is to transform the Minkowski metric into a coordinate frame. Therefore,

we have the mapping

(—o0,00) — |a,b] (4.38)

between the coordinates of the frame and new coordinates. A smooth function €22

can be factored out of the metric. The first step is to transform the Minkowski
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metric into spherical coordinates

x = rsin(0) cos(9) (4.39)

y = rsin(f)sin(¢)

z = rcos(f).
This transformation yields
ds* = —dt* 4 dr* + r*do?, (4.40)

where do? is the metric of the unit sphere. The next step is to transform the above
metric into the advanced and retarded null coordinates v =t +r and u =t — 7.
This yields

1 1
ds® = —§dvdu + Z(U —u)?do?. (4.41)

The ranges of u and v are —oo < u < oo and —oo < v < 0o, meaning that v and

v can be represented as

u = tan(U) (4.42(a))

v = tan(V), (4.42(b))

where U and V' have the ranges —5 < U < J and —

NTE
NIE

<V <37 Transforming

the metric in equation (4.41) into these new coordinates yields

ds* = 4cos2(V1) o2 (T) (—2dVdU + (cos*(U) + cos*(V) (4.43)

—2cos(V) cos(U) cos(V — U)do?).
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We can see that the metric in these new coordinates is not defined at U = &7 or
V = £7. However, if a different metric ¢’ is defined to be conformally related to
the Minkowski metric g by the relation ¢’ = Q2g where Q = 2 cos(V) cos(U), we

see that

g = —2dVdU + (cos*(U) + cos*(V) — 2cos(V) cos(U) cos(V — U)do®.  (4.44)

The conformal metric ¢ is finite at U = £7 and V' = £7.Since I corresponds to
U= 4% and V = £7, we have effectively mapped spacetime onto a finite grid.

Any simulation in the conformal spacetime using finite differencing can be carried

all the way out to I, since I can be reached by a finite number of grid points.

4.2.3 Constraint and Evolution equations

In 3 4 1 relativity, a normal vector is constructed and the Einstein equations are
then projected onto the space-like hypersurfaces. As a result, the initial data has
to satisfy elliptic constraint equations. If spacetime is foliated using null hyper-
surfaces and a normal vector is constructed to project the Einstein equations onto
the null hypersurfaces, we are immediately confronted with a peculiarity. Vec-
tors normal to a null hypersurface are also tangent to the hypersurface. Hence,
the Einstein equations and normal vector lie in the same hypersurface. A conse-
quence of this situation is that the Einstein equations now do not impose elliptic

constraints on the initial data.

64

www.manaraa.com



5 Massless Scalar Field Evolution
The particular spacetime, which we will be working in, has a metric of the form
ds® = e**(—dt*> + dr®) + R (e *d¢* + e*Vd2?) . (5.1)

This spacetime has a two-parameter space-like isometry group with ¢ and z being
the group coordinates. The functions within the metric a, R, and v only depend
on t and r. The area traced out by each group orbit is proportional to R. The
function a is a dilation factor and v represents plus-polarized gravitational waves.
The equation that governs the evolution of our massless scalar field is the scalar
wave equation. For a specific choice of parameters, the scalar field can imitate the
amplitude behavior of a light ray, or a gravitational wave traveling along a null
hypersurface. However, we will first perform a null hypersurface foliation from
the view point of an observer traveling in a fixed ¢ and z direction. Then, we will

compactify the radial coordinate r» and construct equations for R, v, and a.

5.1 Null Hypersurface Foliation

If an observer travels in a fixed ¢ and z direction, his world line is given by
ds3 = e*(—dt* + dr?). (5.2)

The —dt* + dr? portion of the metric is effectively one-dimensional Minkowski

space (r is a radial coordinate). This means ds3 = e**(—dt? + dr?) is conformally
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flat, since

dsy = Q~2ds2, (5.3)

where Js; = —dt? + dr* and the conformal factor is Q = e. Thus, we restrict
ourselves to the class of observers that travel in fixed ¢ and z directions, because
foliating ds? into null hypersurfaces amounts to performing a null cone foliation
of one-dimensional Minkowski space. To foliate this space into null hypersurfaces,
transform —dt? + dr? into the advanced and retarded time coordinates v =t + r

and v =t — r. The transformation yields
dsy = —dt? + dr? = —dvdu. (5.4)

Alternatively, we can choose to foliate one-dimensional Minkowski space into ei-
~2
ther ingoing or outgoing null hypersurfaces by transforming ds, into either the

advanced time coordinate v =t + r, or the retarded time coordinate u =t —r. In

~2
terms of ingoing null hypersurfaces, ds, is

dsy = —dv? + 2dvdr. (5.5)
In terms of outgoing null hypersurfaces, JSQ is
cf:sz = — (du® + 2dudr) . (5.6)

For the evolution of the massless scalar field, we will use the outgoing null hy-

persurface foliation. Hence, for our restricted class of observers, the outgoing null
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hypersurface foliation of our spacetime yields

ds® = —** (du® + 2dudr) + R (e7*Vd¢* + e*Vd2?) . (5.7)

5.2 Radial Coordinate Compactification

Anything that travels at the speed of light (massless scalar field, gravitational
waves, light, etc.,...) is completely confined within a null hypersurface. In our
spacetime, the retarded time coordinate u labels a progression of outgoing null
hypersurfaces. Each hypersurface u contains all gravitational waves 1 and the
massless scalar field generated at time u at r = 0. The gravitational waves and
the massless scalar filed travel on each outgoing hypersurface v from r = 0 to
infinity. It is not possible to evolve on a computer the massless scalar field or the
gravitational waves 1 contained within a outgoing null hypersurface u from r = 0
to infinity using the radial coordinate r. This would require an infinite amount
of memory. However, we can circumnavigate this shortcoming by compactifying
the radial coordinate. To compactify the radial coordinate r, let L be a radial

distance related to r by the transformation

L = arctan(r). (5.8)

Since r has the range 0 < r < oo, this transformation maps the interval [0, co)

into [0, 7). Transforming the metric in equation (5.7) into the compactified radial
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coordinate L yields

2
cos?(L)

ds? = —e* (du2 + dudL) +R (e_2¢dq52 - ewdzz) ) (5.9)

The coordinates of each constant ¢ and constant z slice have the range —oo <
u < oo and 0 < L < 7. The metric in equation (5.9) is the background in which

we will evolve the massless scalar field.

5.3 Equations for a, R, and ¢

Equations for a, R, and v are found by calculating the Einstein tensor components
and then forming suitable linear combinations. Since we are working with a
vacuum spacetime, only the Ricci tensor components need to be calculated. In
vacuum, they are equivalent to the Einstein tensor components. The Ricci tensor

components, calculated using Mathematica 7.0 [33], are

1
Ry, = 2_R2(R2“ + 2R?*(cos* (L) (ar,—2tan(L)ar) (5.10(a))

—2(¢%, + cos? (L) aur)) + 2R(cos® (L) ar(cos® (L) R — R.)

_ C032 (L) a,uR,L + 2auRu — R,uu)) - 07

2

L u
Ry, = cos*(L)(ary —2tan(L)ay) + = (21)1%];’LR’
cos? (L)

R

(5.10(b))

—2cos? (L) (WYY, +au)+ (cos®> (L)a Ry — Ru) =0,
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cos* (L)

Ry = 2—R2(R’2L —AR*? + R(4a R, (5.10(c))
—2 (R —2tan(L)Ry))) =0,
1
Ryss = 56_2(“+¢) cos® (L) (2R p(cos® (L), — ¢.,,) (5.10(d))

—cos® (L) (R, — 2tan (L))R ;, + 2(R . — ¥ LR,

"‘R(COS2 (L) (¢,LL — 2tan (L) ¢,L) - 2¢,uL))) =0,

R = e cos? (L) (2Rus 41, R. (5.10(¢))
_R(COS2 (L) (¢,LL — 2tan (L) ¢,L) - 2w,uL))

—2R,L(cos2 (L) Yy — ¢,u) — cos? (L) (R —2tan (L) Rp)) = 0.

Since the area function R, and the gravitational wave factor 1) modify the ¢ and

z directions, equations for R and ¢ are found through the linear combination
aRys +bR,, = 0. (5.11)
Choosing a = 2, and b = 2 gives an equation for R :
2R.. + 2Ry = ¢ 2 cos? (L) (R.uz (5.12)

—% cos? (L) (R.p — 2tan (L) R 1)) = 0.
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To ensure 2R, + 2Ry, always equals zero it must be that

2eX %) cos72 (L) (R.. + Ry) = (5.13)

1
R.r — 3 cos’ (L) (R —2tan(L)Ry)) = O.
Choosing a = 2, and b = —2 gives an equation for 1) :

2R.. — 2Ry = ¢ 2 cos? (L) (Y ur (5.14)

—% cos® (L) (¢ 1, — 2tan (L) ¢ 1)

(cos? (L)R1 — R,,) Ry

- R it 3R

) =0

Likewise, for the R equation to ensure 2R, — 2R, always equals zero it must be

that
2¢21%) cos72 (L) (R.. — Ryy) = (5.15)
1
1/},uL ) cos’ (L) (¢,LL — 2tan (L) @Z},L)
(cos®> (L) R — R,) R, B
2R ¢,L+ 2R¢,u)_0

The dilation factor a modifies the time direction and the radial distance along
each outgoing null hypersurface. This implies that an equation for a is found

through the linear combination

¢Ryu + fRLy = 0. (5.16)
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Choosing ¢ = 0 and f = 1 yields equation (5.10(b))

2
L
Ry, = cos*(L)(ar,—2tan(L)ay)+ €8 (2;§’LR’U
2
L
~2c08% (L) (¥ 10 + ) + — R( J(cos? (L) apRy — Rup).
Dividing by —2 cos? (L) yields
L o 2 2y L
QL = 5 COS (L)a g + cos® (L) tan (L) af — cos® (L) SR 0L (5.17)
R,uL R,LR,u o
or ~ are T Vala=0

Hence, the equations that govern R, ¢, and a are given by (5.13), (5.15), (5.17),
and the remaining Ricci tensor component Ry (5.10(c)). equations (5.13) and
(5.15) are evolution equations, while equation (5.10(c)) is a hypersurface equation
[34]. Equation (5.17) is a subsidiary equation [24, pg. 12]. Any choice of a, R,
and ¢ must be consistent with these equations.

5.4 Scalar Wave equation

Our massless scalar field ® is governed by the homogenous scalar wave equation

V20 = 0. (5.18)

In Minkowski space and in terms of rectangular coordinates, the explicit form of

this equation is

Vip = —

P Pd PO PP
- + o> =

o "o T o T a2 Y (5.19)
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Since our spacetime is ds? = —e?® (du2 + ﬁdudL) + R (e7*d¢* + e*d2?)

the equation for our scalar field will have a substantially different form. To find
V2® = 0 in ds?, write it as

V-V =0. (5.20)

Recalling that the metric of a spacetime gives the scalar product of vectors and

forms within that spacetime, the above equation may be written as

g (V,V®) = gV, (V®); = g*7 (B )., (5.21)
= gO"B (<I>,ﬂa — CI),AFA[;Q)
=" (P pa — Pul"g0 — @11 50 — @ 4IP30 — @ .T734) = 0.
The inverse metric is
0 —e2cos? (L) 0 0
—2a 2 L —2a 4 L 0 0
6 = e **cos® (L) e **cos* (L) 0 | (5.22)
0 0 & 0
0 0 0 <

meaning that the required connection coefficients are I',, ., I 1, I 44, ' .., ',
FLLLa FL¢¢7 FLzza F¢uL7 F¢LL7 F¢¢¢7 P¢zzv FZuLa FZLLv Fz¢¢7and Fzzz~ These con-

nection coefficients are

e, = 0 (5.23)
'y = 0
P, — %e—%w) cos? (L) (R, — 2Ry )
re,, = %e‘Z(“"w) cos’ (L) (R, + 2Ry 1)
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, and

cos® (L) a (5.24)

2 (tan (L) + az)

%e—z(cm/z) cos® (L) (R, — cos* (L) R,
+2R (cos® (L), — ¥ ,))
1

56—2(‘1_'@”) 0052 (L) (RM — COS2 (L) R,L

—2R (cos® (L)Y, —v,))

r‘, = 0 (5.25)
I, =0
I, = 0
., =0
o~ g (5.26)
I = 0
T2y = 0
r., =20
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Therefore, the equation for our scalar field within this spacetime is

V2@ = —2¢ > cos® (L) (®,ur, — ©p[Mur)

+e*cos® (L) (®,pr, — ©IMpr)

e N e~ N
5 (Ruop = Pals) + 5= (s — 2T

= —2¢ > cos® (L) (®,ur, — cos® (L) a P 1)

+e 2 cos? (L) (@ —2(tan L+ ay) ® 1)

~2a

2R

e )

—5g 08 (L) (R, —cos” (L) R
+2R (cos® (L), —¢,))® L

e—2a

" 2R

_e—2a
2R
—2R (cos® (L)Y, — 1 ,))®,

e2v

R

cos’ (L) (Rp — 2Ry ) @,

cos’ (L) (R + 2Ry ) @,

cos® (L) (R, — cos* (L) R,

e ¥

®..=0
R )

+ ‘I),¢¢ +
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Simplifying the above equation yields
V20 = —2¢ > cos® (L) (®,ur, — cos® (L) a1, P 1) (5.28)
+e 2 cos* (L) (@ 11, — 2 (tan (L) + a) ® 1)

R
—e 2L os? (L) D,

R ’
efZa
g cos® (L) (R, — cos* (L) R)® 1,
¢20 =20
— — ., =0.
R e T T ®

Dividing through by —2e¢™2* cos® (L) and grouping like terms yields

1 R
s~ 5 cos? (L) ® pp, + 2—1’;@,“ (5.29)
R, —cos®(L)R
+(cos® (L) tan (L) + (7 CO;R( ) ’L))@,L
2(¢p+a) —2(¢—a)
¢ < o, =0

- P

2Rcos? (L) ' 2Rcos? (L)
Since the spacetime slices of constant ¢ and z have been foliated into null hyper-
surfaces, we only require ® to depend on v and L. The scalar wave equation that

governs the massless scalar field is then

1 R
s~ 5 cos? (L) @ 1p, + 2—}5% (5.30)
(R, —cos*(L)R 1)

+(cos? (L) tan (L) + )@ 1, = 0.

2R
5.5 One Dimensional Waves

In vacuum, when a light ray or a gravitational wave travel outwards from a source
along a null hypersurface, they do not diminish in amplitude. If f denotes their
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amplitude, and u labels outgoing null hypersurfaces, then f will depend on wu.
If @ is to imitate this behavior, equation (5.30) must have solutions of the form
® = f(u). However, these solutions are possible only if the pure time derivative
term of @ is eliminated. We can eliminate this term by choosing R = constant,

or R = H(u).

5.5.1 R = Constant
When we choose R = constant, equation (5.30) becomes
1
D — 3 cos® (L) ® pp, + cos® (L) tan (L) ® 1, = 0. (5.31)

By inspection, we see that ®(u,L) = F(u) is a solution. Using MAPLE, the
general solution is found to be
O(u, L) = F(u) (5.32)
+/F2(—(u +2tan(L)))e"dL,

P = % (/ sin(2 arctan(—g + g —I—tan(L)))dB)]B:u.

The additional part to the solution ®(u, L) represents incoming waves. Previously,
it was stated that a, R, and 1) must be consistent with equations (5.13), (5.15),

(5.17), and (5.10(c)). By inspection, we see that R =constant satisfies equation
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(5.13). For R =constant the equations (5.15), (5.17), and (5.10(c)) become

2¢X1%) cos72 (L) (R.. — Ryy) = (5.33)
1
Yo — 3 cos® (L) (¢ pr —2tan (L) ¢ 1) =0,
1
QL = 5 cos? (L) a,pr, + cos® (L) tan (L) a,, + ¢ ¥, =0, (5.34)

and

Rpp = —2cos* (L)% = 0. (5.35)

For Ry, = 0 to always be satisfied, it must be that ¢» = g(u), where ¢ is an
arbitrary function. It is easy to see that 1) = g(u) satisfies equation (5.33). Now

inserting ¢ = g(u) into equation (5.34) yields

1
Gur = 5 cos® (L) a g + cos® (L) tan (L) a , = 0. (5.36)

Using MAPLE, the solution to this equation is

a = F(u)+/F2(—(u+2tan(L)))eNdL (5.37)
N = % (/ — sin(2 arctan(—g + % +tan(L)))dB>]B:u.

Hence, when R = constant, equations (5.15), (5.17), and (5.10(c)) are satisfied

when ¢ = g(u) and a = F(u) + [ Fo(—(u+ 2tan(L)))e™dL.
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5.5.2 R = H(u).

For this particular choice of area function equation (5.30) becomes

D1 — %Cosz (L)® 11+ (5.38)
1 dH(u)
2 _
+(cos” (L) tan (L) + SH(a) du )P, =0.

By inspection we see that ®(u, L) = F(u) satisfies equation (5.38). To obtain
a general solution using MAPLE, we must give an explicit H(u). The general
solution has the schematic form ®(u, L) = Fi(u) + incoming solution, where the
incoming solution part depends on the choice of H(u). However, prescribing an
explicit H(u) is not needed since we are not interested in the incoming solution.
Now, consider what a and 1) must be so that equations (5.13), (5.15), (5.17), and
(5.10(c)) are consistent. By inspection, we see that R = H(u) satisfies equation

(5.13). Inserting R = u into equations (5.15), (5.17), and (5.10(c)) yields

2621 cos72 (L) (R., — Ryy) = (5.39)
1, 1 dH(u)
- = L -2 L =
Yo 5 08 (L) (¢,LL tan ( )¢,L) + 2H(uw) du Y, =0,
1
CuL — cos? (L) arrn+ cos® (L) tan (L) ar+v v, =0, (5.40)
and

Ry, = —2cos* (L)% (5.41)
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Again, for R;;, = 0 to always be satisfied it must be that ¢y = g(u). This also

satisfies equations (5.40). Inserting ¢ = g(u) into equation (5.41) yields

1
Gur = 5 cos? (L) a,pp, + cos? (L) tan (L) ., = 0.

This is the same as equation (5.37). Hence, for choice R = H(u), equations
(5.15), (5.17), and (5.10(c)) are satisfied if ¢y = g(u), and a = F(u) + [ Fo(—(u+

2tan(L)))eNdL.

5.6 Conclusion

The scalar field ®(u, r) imitates the amplitude behavior of a light ray, or a
gravitational wave, if the area of a spacetime slice of constant ¢ and constant z is
proportional to R = constant, or R = H(u). For an observer in a spacetime slice
of constant ¢ and z, these choices for R correspond to the spacetime slice having
a constant area along each null hypersurface u. This also forces the gravitational
waves 1 to have the form ¢ = g(u). If R is something else besides R = constant
or R = H(u), then the pure time derivative term of ® in equation (5.30) remains
and the scalar field no longer has solutions of the form F'(u). Other choices of R
cause the scalar field to depend on L and the area along each null hypersurface u
to change in some manner. An extension of this work would explore the incoming

solution of equation (5.30) for various choices of H (u).
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